In a long distance Lagrangian approach to the low lying meson phenomenology we present and discuss the most general spin zero multi-quark interaction vertices of non-derivative type which include a set of effective interactions proportional to the current quark masses, breaking explicitely the chiral SU (3)L × SU (3)R and UA(1) symmetries. These vertices are of the same order in Nc counting as the 't Hooft flavor determinant interaction and the eight quark interactions which extend the original leading in Nc four quark interaction Lagrangian of Nambu and Jona-Lasinio. The Nc assignements match the counting rules based on arguments set by the scale of spontaneous chiral symmetry breaking. With path integral bosonization techniques which take appropriately into account the quark mass differences we derive the mesonic Lagrangian up to three-point mesonic vertices. We demonstrate that explicit symmetry breaking effects in interactions are essential to obtain the correct empirical ordering and magnitude of the splitting of certain states such as mK < mη for the pseudoscalars and mκ 0 < ma 0 ∼ m f 0 in the scalar sector, and achieve total agreement with the empirical low lying meson mass spectra. With all parameters of the model fixed by the spectra we analyze further a bulk of two body decays at tree level of the bosonic Lagrangian: the strong decays of the scalars σ → ππ, f0(980) → ππ, κ(800) → πK, a0(980) → πη, as well as the two photon decays of a0 (980), f0(980) and σ mesons and the anomalous decays of the pseudoscalars π → γγ, η → γγ and η → γγ. Our results for the strong decays are within the current expectations and the pseudoscalar radiative decays are in very good agreement with data. The radiative decays of the scalars are smaller than the observed values for the f0(980) and the σ, but reasonable for the a0. A detailed discussion accompanies all the results.
I. INTRODUCTION
A long history of applying the Nambu -Jona-Lasinio (NJL) model in hadron physics shows the importance of the concept of effective multi-quark interactions for modelling QCD at low energies. Originally formulated in terms of the γ 5 gauge invariant nonlinear four-fermion coupling [1, 2] , the model has been extended to the realistic three flavor and color case with U (1) A breaking six-quark 't Hooft interactions [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and an appropriate set of eight-quark interactions [18] . The last ones complete the number of vertices which are important in four dimensions for dynamical SU (3) L × SU (3) R chiral symmetry breaking [19, 20] .
The explicit breaking of chiral symmetry in the NJL model is described by introducing the standard light quark mass term of the QCD Lagrangian (light means consisting of u, d and s quarks), e.g. [21, 22] . The current quark mass dependence is of importance for several reasons, in particular for the phenomenological description of meson spectra and meson-meson interactions, and for the critical point search in hot and dense hadronic matter, where it has a strong impact on the phase diagram [23] . The values of the current quark masses are determined in the Higgs sector of the Standard Model. In this regard they are foreign to QCD and, at an effective de- * Email address: osipov@nu.jinr.ru † Email address: brigitte@teor.fis.uc.pt ‡ Email address: alex@teor.fis.uc.pt scription, can be included through the external sources, interacting with the originally massless quark fields. This is why the explicit chiral symmetry breaking (ChSB) by the standard mass term of the free Lagrangian is only a part of the more complicated picture arising in effective models beyond leading order [24] . Chiral perturbation theory [25] [26] [27] [28] gives a well-known example of a self consistent accounting of the mass terms, order by order, in an expansion in the masses themselves. In fact, extended NJL-type models should not be an exception from this rule. If one considers multi-quark effective vertices, to the extent that 1/N c suppressed 't Hooft and eight-quark terms are included in the Lagrangian, certain mass dependent multi-quark interactions must be also taken into account.
The aim of the present work is precisely to analyze these higher order terms in the quark mass expansion. Our consideration proceeds along the following steps. We start from the three-flavor NJL-type model with selfinteracting massless quarks. The SU (3) L ×SU (3) R chiral symmetry of the Lagrangian is known to be dynamically broken to its SU (3) V subgroup at some scale Λ, with Λ being one of the model parameters. There is also explicit symmetry breaking due to the bare quark masses χ, which are taken to transform as χ = (3, 3 * ) under SU (3) L ×SU (3) R . Since the Lagrangian contains, in general, an unlimited number of non-renormalizable multiquark and χ-quark interactions (scaled by some powers of Λ), we formulate the power counting rules to classify these vertices in accordance with their importance for dynamical symmetry breaking. Then we bosonize the theory by using the path-integral method. The functional integrals are calculated in the stationary phase approximation and by using the heat kernel technique. As a result one obtains the low-energy meson Lagrangian. At last we fix the parameters of the model by confronting it to the experimental data. In particular, we show the ability of the model to describe the spectrum of the pseudo Goldstone bosons, including the fine tuning of the η−η splitting, and the spectrum of the light scalar mesons: σ or f 0 (500), κ(800), f 0 (980), and a 0 (980).
The coupling constants of multi-quark vertices, fixed from mass-spectra, enter the expressions for meson decay amplitudes and lead to a bulk of model predictions. It is interesting to note that certain multi-quark vertices of the model encode implicitly in the couplings of the tree level bosonized Lagrangian the signature ofand more complex quark structures which are elsewhere obtained by considering explicitly meson loop corrections, tetraquark configurations and so on [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . It seems appropriate, therefore, to examine the possible physics opportunities connected with the discovery and study of such multi-quark structures in hadrons. For instance, by calculating the mass spectra and the strong decays of the scalars, one can realize which multi-quark interactions are most relevant at the scale of spontaneous ChSB. On the other hand, by analyzing the two photon radiative decays, where a different scale, associated with the electromagnetic interaction, comes into play, one can study the possible recombinations of quarks inside the hadron. We will show, for example, that the a 0 (980) meson couples with a large strength of the multi-quark components to the two kaon channel in its strong decay to two pions, but evidences a dominantcomponent in its radiative decay. As opposed to this, the σ and f 0 (980) mesons do not display an enhancedcomponent neither in their two photon decays nor in the strong decays.
There are several direct motivations for this work. In the first place, the quark masses are the only parameters of the QCD Lagrangian which are responsible for the explicit ChSB, and it is important for the effective theory to trace this dependence in full detail. In this paper it will be argued that it is from the point of view of the 1/N c expansion that the new quark mass dependent interactions must be included in the NJL-type Lagrangian already when the U (1) A breaking 't Hooft determinantal interaction is considered. This important point is somehow completely ignored in the current literature.
A second reason is that nowadays it is getting clear that the eight-quark interactions, which are almost inessential for the mesonic spectra in the vacuum, can be important for the quark matter in a strong magnetic background [42] [43] [44] [45] [46] . The simplest next possibility is to add to that picture a set of new effective quark-massdependent interactions, discussed in this work. Such feature of the quark matter has not been studied yet, but probably contains interesting physics.
Further motivation comes from the hadronic matter studies in a hot and dense environment. It is known that lattice QCD at finite density suffers from the numerical sign problem. This is why the phase diagram is notoriously difficult to compute "ab initio", except for the extremely high density regime where perturbative QCD methods are applicable. In such circumstances effective models designed to shed light on the phase structure of QCD are valuable, especially if such models are known to be successful in the description of the hadronic matter at zero temperature and density. Reasonable modifications of the NJL model are of special interest in this context and our work aims also at future applications in that area.
The paper is organized as follows. In section II the effective Lagrangian in terms of quark degrees of freedom and bosonic sources with specific quantum numbers is derived using a classification scheme which selects all possible non-derivative vertices according to the symmetries of the strong interaction and which are relevant at the scale Λ of spontaneous chiral symmetry breaking. It is then shown that this scheme can be equally organized in terms of the large N c counting rules, which in turn allow to attribute to the couplings of the interactions encoded signatures ofand more complex structures involving four fermions. We obtain in this section also that a set of interactions lead to the Lagrangian specific Kaplan-Manohar ambiguity associated with the current quark masses.
In section III we proceed to bosonize the multi-quark Lagrangian in two steps. First, we introduce in section III-A a set of auxiliary scalar fields. By these new variables the multi-quark interactions can be brought to the Yukawa form that is quadratic in Fermi fields. Consequently one obtains a Gauss-type integral over quarks, and a set of integrals over auxiliary fields. The latter are evaluated by the stationary phase method. We obtain here the vertices up to the cubic power in the meson fields, needed for the study of the meson spectra and of the two-body decays. Then, in section III-B, we integrate over quark fields. The arising quark determinant of the Dirac operator is a complicated non-local functional of the collective meson fields. We calculate it in the lowenergy regime by using the Schwinger-DeWitt technique, based on the heat kernel expansion. In this approximation one can adequately incorporate the effect of different quark masses contained in the modulus of the one-loop quark determinant. We derive the kinetic terms of the collective meson fields, as well as the heat kernel part of contributions to meson masses and interactions. In the end of this section we present the complete bosonized Lagrangian, give the mixing angle conventions used, and the expressions for the strong decay widths. In section III-C we obtain the expressions for the radiative widths of the pseudoscalars and scalars.
In section IV we present the numerical results and discussion, in IV-A for the meson mass spectra and weak decay constants, in IV-B for the strong decays and in IV-C for the radiative decays.
We conclude in section V with a summary of the main results.
II. EFFECTIVE MULTI-QUARK INTERACTIONS
The chiral quark Lagrangian has predictive power for the energy range which is of order Λ 4πf π ∼ 1 GeV [47] . Λ characterizes the spontaneous chiral symmetry breaking scale. Consequently, the effective multi-quark interactions, responsible for this dynamical effect, are suppressed by Λ, which provides a natural expansion parameter in the chiral effective Lagrangian. The scale above which these interactions disappear and QCD becomes perturbative enters the NJL model as an ultraviolet cut-off for the quark loops. Thus, to build the NJL type Lagrangian we have only three elements: the quark fields q, the scale Λ, and the external sources χ, which generate explicit symmetry breaking effects -resulting in mass terms and mass-dependent interactions.
The color quark fields possess definite transformation properties with respect to the chiral flavor U (3) L ×U (3) R global symmetry of the QCD Lagrangian with three massless quarks (in the large N c limit). It is convenient to introduce the U (3) Lie-algebra valued field Σ = 1 2 (s a − ip a )λ a , where s a =qλ a q, p a =qλ a iγ 5 q, and a = 0, 1, . . . , 8, λ 0 = 2/3 × 1, λ a being the standard SU (3) Gell-Mann matrices for 1 ≤ a ≤ 8. Under chiral transformations:
The transformation property of the source is supposed to be χ = V R χV † L . Any term of the effective multi-quark Lagrangian without derivatives can be written as a certain combination of fields which is invariant under chiral SU (3) R ×SU (3) L transformations and conserves C, P and T discrete symmetries. These terms have the general form
whereḡ i are dimensionless coupling constants (starting from eq. (21) the dimensional couplings g i =ḡ i /Λ γ will be also considered). Using dimensional arguments we find (in four dimensions) α + 3β − γ = 4, with integer values for α, β and γ.
We obtain a second restriction by considering only the vertices which make essential contributions to the gap equations in the regime of dynamical chiral symmetry breaking, i.e. we collect only the terms whose contributions to the effective potential survive at Λ → ∞. We get this information by contracting quark lines in L i , finding that this term contributes to the power counting of Λ in the effective potential as ∼ Λ 2β−γ , i.e. we obtain that 2β − γ ≥ 0 (we used the fact that in four dimensions each quark loop contributes as Λ 2 ). Combining both restrictions we come to the conclusion that only vertices with
must be taken into account in the approximation considered. On the basis of this inequality one can conclude that (i) there are only four classes of vertices which contribute at α = 0; those are four, six and eight-quark interactions, corresponding to β = 2, 3 and 4 respectively; the β = 1 class is forbidden by chiral symmetry requirements; (ii) there are only six classes of vertices depending on external sources χ, they are: α = 1, β = 1, 2, 3; α = 2, β = 1, 2; and α = 3, β = 1. Let us consider now the structure of multi-quark vertices in detail [48] . The Lagrangian corresponding to the case (i) is well known
It contains four dimensionful couplings G, κ, g 1 , g 2 . The second group (ii) contains eleven terms
where
Each term in the Lagrangian L 6 is hermitian by itself, but because of the parity symmetry of strong interactions, which transforms one of them into the other, they have a common couplingḡ 6 . Some useful insight into the Lagrangian above can be obtained by considering it from the point of view of the 1/N c expansion. Indeed, the number of color components of the quark field q i is N c , hence summing over color indices in Σ gives a factor of N c , i.e. one counts Σ ∼ N c .
The cut-off Λ that gives the right dimensionality to the multi-quark vertices scales as Λ ∼ N This corresponds exactly to the standard NJL model picture, where mesons are pureqq states with constituents which have a non-zero bare mass. At the next to leading order we have thirteen terms additionally. They trace the Zweig's rule violating effects (κ, κ 1 , κ 2 , g 1 , g 4 , g 7 , g 8 , g 10 ), and an admixture of the four-quark component to theqq one (g 2 , g 3 , g 5 , g 6 , g 9 ). Only the phenomenology of the last three terms from eq. (3) has been studied until now. We must still understand the role of the other ten terms to be consistent with the generic 1/N c expansion of QCD.
The second conclusion is that the N c counting justifies the classification of the vertices made above on the basis of the inequality (2). This is seen as follows: the equivalent inequality (α + β)/2 ≤ 2 is obtained by restricting the multi-quark Lagrangian to terms that do not vanish at N c → ∞ (it follows from (1) that β − γ/2 ≥ 0 by
, where γ/2 is the nearest integer greater than or equal to γ/2).
The total Lagrangian is the sum
In this SU (3) L × SU (3) R symmetric chiral Lagrangian we neglect terms with derivatives in the multi-quark interactions, as usually assumed in the NJL model. We follow this approximation, because the specific questions for which these terms might be important, e.g. the radial meson excitations, or the existence of some inhomogeneous phases, characterized by a spatially varying order parameter, are not the goal of this work. Finally, having all the building blocks conform with the symmetry pattern of the model, one is now free to choose the external source χ. Putting χ = M/2, where
we obtain a consistent set of explicitly breaking chiral symmetry terms. This leads to the following mass dependent part of the NJL Lagrangian
where the current quark mass matrix m is equal to
and
Let us note that there is a definite freedom in the definition of the external source χ. In fact, the sources
with three independent constants c i have the same symmetry transformation property as χ. Therefore, we could have used χ (ci) everywhere that we used χ. As a result, we would come to the same Lagrangian with the following redefinitions of couplings
g 9 →ḡ 9 =ḡ 9 + c 2 − 2κ 1 c 1 , g 10 →ḡ 10 =ḡ 10 + c 3 + 2κ 1 c 1 .
Since c i are arbitrary parameters, this corresponds to a continuous family of equivalent Lagrangians. This family reflects the known Kaplan -Manohar ambiguity [49] [50] [51] [52] in the definition of the quark mass, and means that several different parameter sets (11) may be used to represent the data. In particular, without loss of generality we can use the reparametrization freedom to obtain the set withκ 1 =ḡ 9 =ḡ 10 = 0. The effective multi-quark Lagrangian can be written now as
It contains eighteen parameters: the scale Λ, three parameters which are responsible for explicit chiral symmetry breaking µ u , µ d , µ s , and fourteen interaction couplingsḠ,κ,κ 1 ,κ 2 ,ḡ 1 , . . . ,ḡ 10 . Three of them,κ 1 ,ḡ 9 ,ḡ 10 , contribute to the current quark masses m. Seven more describe the strength of multi-quark interactions with explicit symmetry breaking effects. These vertices contain new details of the quark dynamics which have not been studied yet in any NJL-type models. We shall now see how important they are.
III. BOSONIZATION: MESON MASSES AND DECAYS

A. Stationary phase contribution
The model can be solved by path integral bosonization of the quark Lagrangian (12) . Indeed, following [7] we may equivalently introduce auxiliary fields s a = qλ a q, p a =qiγ 5 λ a q, and physical scalar and pseudoscalar fields σ = σ a λ a , φ = φ a λ a . In these variables the Lagrangian is a bilinear form in quark fields (once the replacement has been done the quarks can be integrated out giving us the kinetic terms for the physical fields φ and σ)
It is clear, that after the elimination of the fields σ, φ by means of their classical equations of motion, one can rewrite this Lagrangian in its original form (12) . The term bilinear in the quark fields in (13) will be integrated out using the heat kernel technique in the next subsection. The remaining higher order quark interactions collected in L aux will be integrated in the stationary phase approximation (SPA). In terms of auxiliary bosonic variables one has
and the quark mass dependent part is as follows
and the U (3) antisymmetric f abc and symmetric d abc constants are standard. Our final goal is to clarify the phenomenological role of the mass-dependent terms described by the Lagrangian densites of eq. (15) . We can gain some understanding of this by considering the low-energy meson dynamics which follows from our Lagrangian. For that we must exclude quark degrees of freedom in (13), e.g., by integrating them out from the corresponding generating functional. The standard Gaussian path integral leads us to the fermion determinant, which we expand by using a heat-kernel technique [53] [54] [55] [56] . The remaining part of the Lagrangian, L aux , depends on auxiliary fields which do not have kinetic terms. The equations of motion of such a static system are the extremum conditions
which must be fulfilled in the neighbourhood of the uniform vacuum state of the theory. To take this into account one should shift the scalar field σ → σ + M . The new σ-field has a vanishing vacuum expectation value σ = 0, describing small amplitude fluctuations about the vacuum, with M being the mass of constituent quarks. We seek solutions of eq. (17) in the form:
Eqs. (17) determine all coefficients of this expansion giving rise to a system of cubic equations to obtain h a , and the full set of recurrence relations to find higher order coefficients in (18) . We can gain some insight into the physical meaning of these parameters if we calculate the Lagrangian density L aux on the stationary trajectory. In fact, using the recurrence relations, we are led to the result
Indicated are all the terms which are necessary to analyze the mass spectra and two particle decays. Here h a define the quark condensates, h
ab contribute to the masses of scalar and pseudoscalar states, and higher order h's are the couplings that measure the strength of the mesonmeson interactions. The transition from the Lagrangian L aux (s, p) in (13) to its form L aux (σ, φ) in (19) can be viewed as a Legendre transformation.
We proceed now to explain the details of determining h. We address first the coefficients h a , h (1) ab , and h 
satisfy the following system of cubic equations
Here ∆ i = M i − m i ; t ijk is a totally symmetric quantity, whose nonzero components are t uds = 1; there is no summation over the open index i but we sum over the dummy indices, e.g.
eq. (8) reads in this basis
For the set g 9 = g 10 = κ 1 = 0 the current quark mass m i coincides precisely with the explicit symmetry breaking parameter µ i . Note that the factor multiplying h i in the third term of eq. (21) is the same for each flavor. This quantity also appears in all meson mass expressions, and there is no further dependence on the couplings G, g 1 , g 4 involved for meson states with a = 1, 2, . . . , 7. Thus there is a freedom of choice which allows to vary these couplings, condensates and quark masses µ i , without altering this part of the meson mass spectrum.
To obtain the coefficients h
ab , (i = 1, 2) in the Lagrangian L aux (19) , it is sufficient to collect in the stationary phase equations (17) only the terms linear in the fields, as can be seen from the structure of the solutions (18) . Moreover, for any coefficient multiplying a certain number n of fields in L aux it is required to consider terms only up to order n − 1 in fields in the expansion (18) . For instance, the inverse matrices to h (1) ab and h (2) ab are
These coefficients are totally defined in terms of h a and the parameters of the model. Eqs. (23)- (24) can be easily converted into explicit formulae for h
ab , (i = 1, 2). Finally, to obtain the h (17) independently to zero. After some algebra, this results into the following expressions
cc .
Contracting with φ b φ c in eq. (19) , one sees that the term going with h (2) abc is simply half the one going with h
bca , and L aux simplifies to
Although there are five parameters κ, g 1 , g 2 , g 3 , g 4 which appear explicitly in h
abc , they do not represent new freedom to fit the meson interaction dynamics, since they occur also in the h (i) ab ; through the latter the h (i) abc depend implicitly also on further six parameters G, κ 2 , g 5 , g 6 , g 7 , g 8 . All will be fixed by fitting the mass spectra and weak decay constants, see (38) and section IV below.
B. The heat kernel contribution
We now turn our attention to the total Lagrangian of the bosonized theory. To write down this Lagrangian we should add the terms coming from integrating out the quark degrees of freedom in (13) to our result (28) . Fortunately, the technicalities are known. We use the modified heat kernel technique [54] [55] [56] developed for the case of explicit chiral symmetry breaking. In the isospin limit one can find all necessary details of such calculations for instance in [53] . For future reference we apply it here to obtain the result for the more general case in which the strong isospin symmetry is broken.
From the vacuum to vacuum persistence amplitude in the spontaneous broken phase
the heat kernel result for the integration over the quark degrees of freedom is
or
where D E stands for the Dirac operator in Euclidean space. We consider the expansion up to the third SeeleyDeWitt coefficient b i
j . This order of the expansion takes into account the dominant contributions of the quark one-loop integrals I i (i = 0, 1, . . .); these are the arithmetic average values
with the Pauli-Villars regularization kernel [57, 58] ρ(tΛ
In the following we need therefore only to know two of them (the lowest order ∼ b 0 contributes to the effective potential and is not needed in the present study)
While both terms proportional to b 1 and b 2 have contributions to the gap equations and meson masses, only b 2 contributes to the kinetic and interaction terms. The σ tadpole term must be excluded from the total Lagrangian. This gives us a system of gap equations
Here N c = 3 is the number of colors, and
The kinetic term requires a redefinition of meson fields,
to obtain the standard factor 1/4. The flavor and charged fields are related through
and in particular for the diagonal components
and similar for the scalar fields. Here we also introduce the η ns and η s which stand for the flavor components of the physical η, η states in the nonstrange and strange basis. In addition to the flavor mixing in the η, η channels the isospin breaking induces a coupling between the π 0 and these states
To get the physical π 0 , η and η mesons and correspondingly the scalar a 0 0 (980), σ and f 0 (980) mesons one may proceed as in [59] . Since φ 3 couples weakly to the η ns and η s states (decoupling in the isospin limit) while the η − η mixing is strong, it is appropriate to use isoscalar η ns , η s and isovector φ 3 combinations as a starting point for an unitary transformation to the physical meson states π 0 , η, η . In this case the corresponding unitary matrix U can be linearized in the π 0 − η and π 0 − η mixing angles
In particular, in eq.(42) = 2 + 1 cos ψ, = 1 sin ψ.
In the isospin limit we use the mixing angle conventions summarized in the Appendix B of [58] . We have the following different possibilities of relating the physical states (X, X) with the states of the strange-nonstrange basis
where the orthogonal 2 × 2 matrix R ψ is
or of the singlet-octet basis
Here θ, being a solution of the equation tan 2θ = x, is the principal value of arctan x, i.e. belongs to the interval −(π/4) ≤ θ ≤ (π/4). The angle ψ is related with θ by the equation ψ = θ +θ id , whereθ id (θ id +θ id = π/2) is determined by the equations sinθ id = 2/3, cosθ id = 1/ √ 3, therefore ψ = θ + arctan √ 2 = θ + 54.74
• . It means that ψ is restricted to the range 9.74
• ≤ ψ ≤ 99.74
• . If the value of ψ leaves the range, we must resort to the angleψ = ψ − (π/2) = θ − θ id , taking values in the interval −80.26
• ≤ψ ≤ 9.74
• . These two angles correspond to two alternative phase conventions for a strangē ss-component. As a result of the following numerical calculations, in the case of the pseudoscalars the identification of the physical states isX = η, X = η and for the scalarsX = f 0 (980), X = σ.
We turn to the interaction terms of the heat kernel action in (30) . The only contribution comes from Y 2 /2 in the term proportional to b 2 and reads
which must be added to the interaction piece stemming from (28) , yielding the total interaction Lagrangian
Note that all dependence on the parameters of the explicit symmetry breaking quark interactions is explicitly absorbed in the bosonized Lagrangian through the matrices h
(1,2) ab for the meson mass spectra (38) and through the h (1,2,3 ) abc for the meson interaction Lagrangian (49) . In other words, the formal structure of the Lagrangian (28) in comparison to the case without these interactions remains unchanged. This differs from the heat kernel Lagrangian where the information about the difference in constituent quark masses leads to a resummation of the heat kernel series for the modified Seeley-DeWitt coefficients b i [54] [55] [56] . The parameters of these two seemingly separated sectors of the Lagrangian, i.e. the constituent quark masses and scale parameter Λ for the heat kernel Lagrangian on one hand, and the multiquark interaction couplings for the SPA piece on the other hand, are connected through the gap equations (37) which must be solved self-consistently with the SPA equations (21) .
In the remaining of this subsection we discuss the scheme in which the strong decay widths of the scalar mesons are calculated. Given the complexity of the Lagrangian, we will restrict our study of the decays to the tree level bosonic couplings (48), (49) . To deal in an approximate way with the proximity of particle thresholds to the resonance mass we shall resort to the widely accepted Flatté type distribution [60] . Other closed bosonic channel contributions will not be taken into consideration for simplicity, since the ratios of couplings in the concurring closed channels to the nominal one turn out to be numerically less relevant in our fits.
The strong decay width of the scalar meson S in two pseudoscalars P 1 , P 2 are thus obtained as
with
where index β specifies all necessary kinematic characteristics of the channel S → P 1 P 2 , and the masses m S , m 1 , m 2 of the states. We introduce also a shorthand notation for the dimensionless quantityḡ β in eq. (50) . In this definition we include all flavor and symmetry factors associated with the final state.
The so obtained widths are valid in the Breit-Wigner resonance scheme, which is known to be an incomplete description for decays with the resonance mass close to the threshold of particle emission. We use Flatté distributions in the cases of the a 0 (980) and f 0 (980) decays to accomodate the threshold effects associated with the two kaon production, on grounds of analyticity and unitarity at the threshold. Close to this threshold the elastic scattering cross section for πη in the case of a 0 or ππ for f 0 is parametrized by a two-channel resonance
with the index β designating here either the a 0 πη or the f 0 ππ channels and
whereḡ S K stands for the coupling of S to the two kaons, in this case S = a 0 or f 0 . Here m R is the nominal resonance mass and s = (p 1 + p 2 ) 2 , where p 1 , p 2 are the 4-momenta of P 1 and P 2 . Near the KK threshold only the width Γ S KK is expected to vary strongly; the widths Γ β are approximated by a constant value in this region, taken to be (50) evaluated at s = m 2 R , since the πη and ππ thresholds lie further away from the resonance. The numerical results are presented and discussed in the section IV.
C. A note on radiative decays
Additional information on the structure of the mesons is obtained through the study of their radiative decays. We consider in this work the two photon decays at the quark one-loop order of the scalar and pseudoscalar mesons. The corresponding integrals are finite. A direct extension of the heat kernel Lagrangian to incorporate the coupling to the electromagnetic interaction shows that there is no contribution up to the order b 2 of the Seeley-DeWitt coefficients for the scalar decays. The anomalous pseudoscalar -two photon decays belong to the imaginary part of the action and are not contemplated by the heat kernel techniques considered, which apply only to the real part. By the Adler-Bardeen theorem [61] [62] [63] they are fully determined by the three-point function Feynman amplitudes involving one quark loop; higher orders only redefine the couplings. There is however a source of uncertainty which resides in the model dependent determination of the coupling of the η and η mesons to the quarks. In our approach they are calculated within the heat kernel technique outlined in section III.B. Regarding the scalar meson two photon decays, they are also most simply evaluated through the three-point Feynman amplitudes, keeping only the contribution corresponding to the first non-vanishing order in the heat kernel action, that is the term involving the Seeley-DeWitt coefficient b 3 . From now on we will consider the case with exact SU (2) isospin symmetry, i.e. µ u = µ d =μ = µ s , and
λ 8 ) and using the PauliVillars regularization, the scalar meson photon photon amplitude A:
is the fine structure constant and g the field normalization defined in (39) . The factors of T i result from the flavor traces and projection to the physical states with the angleψ defined in (45) . The result for the integral Q 3 (s, M i ) with the Pauli-Villars kernel ρ(tΛ 2 ), eq. (34), has been evaluated in [64] . To obtain the dominant contribution, i.e. the first non-vanishing order in the heat kernel series, one needs to express the integrals Q 3 (s, M i ) as the following averaged sum evaluated at s = 0 [55, 56] 
where the term O(b 3 ) is discarded as it belongs to the next order in the heat kernel series (30) , and
or, in the notation of (33), we have that
Finally the decay widths for the scalar mesons in the narrow width approximation are given as (see also 64)
The anomalous decay of the pseudoscalars P = (π 0 , η, η ) in two photons P (p) → γ(p 1 , * µ ) + γ(p 2 , * ν ) has the same Lorentz structure in all channels and reads
whereψ P stands for the mixing angle in the pseudoscalar channels, eq. (45) and
and the contribution to the imaginary part of the heat kernel action is
At this stage one sees that the only parameter dependence in the radiative decays of the scalars and pseudoscalars enters through the wave function normalization g, common to all decays considered, and through the constituent quark masses; there is also an explicit dependence on the scale Λ in the case of the scalar decays through the factor (
The PCAC hypothesis establishes a relation between g, the weak pion and kaon decay couplings and the constituent quark masses (see also (66) below)
These identities allow to eliminate all dependence on the constituent quark masses from the pseudoscalar radiative decays, leading to
. (63) One obtains then the celebrated relation A πγγ = α πfπ for the π 0 decay amplitude [61] . The Adler-Bardeen theorem allows to infer that the study and measurement of the anomalous decays are a reliable means of determination of the mixing angle of the η and η mesons, which must comply with the mixing angle determination extracted from the mass spectrum. One should also stress that with the present model Lagrangian one is able to account properly for the SU (3) breaking effects in the description of the weak decay constants f π and f K , in addition to having the correct empirical η and η meson masses (see section IV), which has been an open problem until now. This is important for the numerical consistency in the amplitudes (63) .
The respective widths are calculated as
with | p| = m 2 P /4 and m P the pseudoscalar mass. The numerical results are presented in section IV.
IV. FIXING PARAMETERS, NUMERICAL RESULTS AND DISCUSSION
A. Meson Spectra and weak decays define the weak and electromagnetic decay constants of physical pseudoscalar states (see details in [53] ). Now let us fix the values of the various quantities introduced. After choosing the set κ 1 = g 9 = g 10 = 0 we still have to fix fourteen parameters: Λ,m, m s , G, κ, κ 2 and g 1 , . . . , g 8 . There are two intrinsic restrictions of the model, namely, the stationary phase (21) and the gap (37) equations, which as mentioned above must be solved self-consistently. This is how the explicit symmetry breaking is intertwined with the dynamical symmetry breaking and vice versa. We use (37) to determineĥ, h s through Λ, M s andM . The ratio M s /M is related to the ratio of the weak decay constants of the pion, f π = 92 MeV, and the kaon, f K = 113 MeV. Here we obtain
Furthermore, the two eqs. (21) can be used to find the values of Λ andM if the parametersm, m s , G, κ, κ 2 , g 1 , . . . , g 7 are known. Thus, together with g 8 we have at this stage thirteen couplings to be fixed. Let us consider the current quark massesm and m s to be an input. Their values are known, from various analyses of the chiral treatment of the light pseudoscalars, to be around m = 4 MeV and m s = 100 MeV [65] . Then the remaining eleven couplings can be found by comparing with empirical data. One should stress the possibility (which did not exist before the inclusion of mass-dependent interactions) to fit the low lying pseudoscalar spectrum, m π = 138 MeV, m K = 494 MeV, m η = 547 MeV, m η = 958 MeV, the weak pion and kaon decay constants, f π = 92 MeV, f K = 113 MeV, and the singlet-octet mixing angle θ p = −15
• to perfect accuracy, see Table I . One can deduce that the couplings κ 2 and g 8 are essential to improve the description in the pseudoscalar sector; in particular, g 8 is responsible for fine tuning the η −η mass splitting, see also Table II , where the difference in g 8 between set (b) and sets (a,c,d) is due to the input θ P = −15
• versus θ P = −12
• respectively. The remaining five conditions are taken from the scalar sector of the model. Unfortunately, the scalar channel in the region about 1 GeV became a long-standing problem of QCD. The abundance of meson resonances with 0 ++ quantum numbers shows that one can expect the presence of non-qq scalar objects, like glueballs, hybrids, multiquark states and so forth [41] . This creates known difficulties in the interpretation and classification of scalars. For instance, the numerical attempts to organize the U (3) quark-antiquark nonet based on the light scalar mesons, σ or f 0 (600), a 0 (980), κ(800), f 0 (980), in the framework of NJL-type models have failed (see, e.g. [8-10, 58, 66-68] ). The reason is the ordering of the calculated spectrum which typically is m σ < m a0 < m κ < m f0 , as opposed to the empirical evidence: m κ < m a0 m f0 .
On the other hand, it is known that a unitarized nonrelativistic meson model can successfully describe the light scalar meson nonet asqq states with a meson-meson admixture [33] . Another model which assumes the mixing of qq-states with others, consisting of two quarks and two antiquarks, q 2q2 [29] , yields a possible description of the 0 ++ meson spectra as well [38, 39] . The well known model of Close and Törnqvist [40] is also designed to describe two scalar nonets (above and below 1 GeV). The light scalar nonet below 1 GeV has a core made of q 2q2 states with a small admixture of aqq component, rearranged asymptotically as meson-meson states. These successful solutions seemingly indicate on the importance of certain admixtures for the correct description of the light scalars. Our model contains such admixtures in the form of the appropriate effective multi-quark vertices with the asymptotic meson states described by the bosonizedqq fields. We have found, that the quark mass dependent interactions can solve the problem of the light scalar spectrum and these masses can be understood in terms of spontaneous and explicit chiral symmetry breaking only. Indeed, one can easily fit the data: m σ = 600 MeV, m a0 = 980 MeV, m κ = 850 MeV, m f0 = 980 MeV. In this case we obtain for the singlet-octet mixing angle θ s roughly θ s = 19
• [48] . Without changing the mass spectra better fits for the strong radiative decays of the scalars are obtained with θ s = 25
• ÷ 28
• , in the next subsection.
We obtain and understand the empirical mass assignment inside the light scalar nonet as a consequence of the quark-mass dependent interactions, i.e. as the result of some predominance of the explicit chiral symmetry breaking terms over the dynamical chiral symmetry breaking ones for these states. Indeed, let us consider the difference
The sign of this expression is a result of the competition of two terms. In the chiral limit both of them are zero, since atμ, µ s = 0 we obtainM = M s and H a0 = H κ , for H a0 and H κ being positive. The splitting H κ > H a0 is a necessary condition to get m a0 > m κ . The following terms contribute to the difference
Accordingly, from this formula we deduce the "anatomy" of the numerical fit, e.g. for set (d) (see next subsection): 
where the contributions of terms with corresponding coupling (see eq. (68)) are indicated in square brackets. The last number, marked by M , is the value of the last term from (67) . It is a contribution due to the dynamical chiral symmetry breaking (in the presence of an explicit chiral 
. See also caption of Table I . symmetry breaking). One can see that the g 3 -interaction is the main reason for the reverse ordering m a0 > m κ , the coupling g 6 being responsible for the fine tuning of the result. We now briefly comment on the role of parameters regarding the successful fit of f π and f K as well as the ordering m K < m η . For these cases many parameters are at work simultaneously. To illustrate this trend, we deviate (arbitrarily) the values of f K and m η from their empirical values, keeping the remaining observables fixed.
Let's consider first the weak decays. We take set (d) as reference and change in the input data only f K = 116 MeV. As a result we obtain that the constituent quark masses both decrease toM = 351 MeV and M s = 533 MeV, thus decreasing as well the normalization g in order to fulfill eq. (62) . Regarding the interaction coupling strengths, the largest deviation in absolute value is for g 2 , which increases by 50%, followed by g 1 which decreases by 40%. The parameters {g 7 , κ 2 , g 3 , g 4 , g 6 , κ} decrease in the given order by {27, 25, 25, 22, 18, 15} parts in hundred, and g 8 increases by 28%. The remaining parameters have much less significant changes. We conclude that a very subtle interplay takes place involving parameters related with and without the explicit symmetry breaking in this case.
As for m K < m η : we take again set (d) as reference and change in the input only the η mass, lowering it to η = 490 MeV. In this case the largest changes are observed in {g 7 , g 8 , g 2 }, with an increase of {168, 162, 93} per cent and a decrease in κ 2 by 73%, while a lesser increase in {g 4 , g 6 , κ} of {29, 25, 20} and decrease of g 3 by 16 per cent is registered.
B. Strong decays
Let us now show the result of our global fitting of the model parameters. We study the effect of having a slightly different m σ mass, sets (a), (b) and (d) with m σ = 550 MeV versus set (c) with m σ = 600 MeV, as well as having different pseudoscalar and scalar mixing angles, as described in the caption of Table I , with all other meson masses and weak decay constants remaining fixed to the values there indicated. Table II contains the standard set of parameters, which are known from previous considerations. Their values are not much affected by the quark mass effects. We have already learned (as seen again in Table II ) that higher values of g 1 lead to the lower σ mass [53] . This eightquark interaction violates Zweig's rule, since it involvesannihilation. Table III contains the couplings which are responsible for the explicit chiral symmetry breaking effects in the interactions. Largest variations are observed in the couplings g 4 and g 7 in set (d) as compared to sets (a-c) and in g 8 between set (b) and the other sets. In the former case it is related with the change of the scalar mixing angle and in the latter with the change in the pseudoscalar mixing angle. The coupling g 7 is seen to occur only in (h (1) ab ) −1 , thus it probes the mass spectrum of the scalars, whereas g 8 appears only in (h (2) ab ) −1 , related to the mass spectrum of the pseudoscalars. With all observables kept fixed, except the mixing angle, changes in these couplings are obviously related to them. Regarding g 4 it enters in both mass spectra. Comparing sets (a) and (c) where both θ S and θ P are the same, but the σ mass different, show that that g 4 responds also to the change in the σ mass.
The calculated values of quark condensates are approximately the same for all sets: − ūu [8] [9] [10] 47] , showing their insensitivity to the new massdependent corrections.
In Table IV are shown the results for the strong decay widths of the scalar mesons for the four different sets. The experimental status is as follows. The mass and width of the σ meson quoted until recently had a large uncertainty, m σ = (400 ÷ 1200) MeV and a full width Γ σ = (600 ÷ 1000) MeV. Presently [65] it has been narrowed to m σ = (400 ÷ 550) MeV and Γ σ = (400 ÷ 700) MeV. The result based on the average over the dispersion analysis of [69] [70] [71] [72] [73] ) is within the experimental values in [73] , as opposed to theand q 2q2 model approaches considered in the same paper.
The widths of the a 0 (980) → πη and f 0 (980) → ππ decays are well accomodated within a Flatté description. We read the width at half maximum of the elastic cross section in Figs. 1 and 2 , respectively Note the huge reduction in width in the case of the a 0 (980) meson when the kaon channels are taken into account. This possibility was already noticed by Flatté in his analysis [60] . This is explained in our description by the ratio R a0 ∼ 2 showing the dominant component to be in the coupling to the kaons.
As demonstrated in [74] the ratio R S =ḡ S K g β of the couplings is a relatively stable quantity in despite of the large fluctuations in the experimental values extracted for the individual couplings. Our calculated R S are compatible with the indicated values in [74] . It should be emphasized that the ratio R f0 =ḡ
is strongly dependent on the mixing angle θ S of the scalar sector. As can be seen comparing sets (a-c) with set (d) the increase in θ S is responsible for the larger ratio R f0 = 3.9 in set (d), which agrees well with the experimental value R f0 exp = 4.21 ± 0.46 of BES [75] . An often considered quantity is the crossed ratio r = R f 0 R a 0 , usually assumed to be larger than unity. The a 0 (980) does not depend on the θ S mixing angle (an eventual correlation with the f 0 (980) meson through isospin mixing is discarded here), but does depend on the pseudoscalar θ P angle through its decay into the πη. The θ P is fixed in the pseudoscalar sector to yield the correct η and η masses, as well as their radiative two photon decay widths. Therefore the ratio R a0 of the a 0 couplings to kaons and to the πη channels remains approximately constant for all parameter sets (R a0 ) −1 ∼ 0.5. This value is not too bad in comparison with the experimental quoted ratio (R a0 exp ) −1 = 0.75 ± 0.11 [76] . Requiring the ratio r > 1 constrains further the angle to be larger than θ S ∼ 26
• .
On the other hand the ratio R f0 increases until θ S reaches ideal mixing. In the interval θ id < θ S ≤ π 4 it decreases but stays much larger than the experimental accepted ratio, e.g. at θ S = 44
• one has R f0 ∼ 11. The combined requirement r > 1 and R f0 exp confines the mixing angle to the narrow window 27
• < θ S < 28
• . From the point of view of the calculated strong decay widths however the somewhat smaller angle θ S = 25
• is also acceptable. Our interval of values for the mixing angle • < θ S < 28 • , corresponding to −10.3
• <ψ < −7.3
• are within the values −14
• estimated in [77] , more specificallyψ ∼ −9
• if a Flatté distribution is used in a complementarity approach of Chiral Perturbation Theory and the Linear Sigma Model.
C. Radiative decays
The two photon decays of the pseudoscalars are in very good agreement with data, (Table VI) , the π 0 and η in two photons are within the experimental error bars, the η decay lies 10% above the upper limit for sets (a), (c) and (d), i.e. θ P = −12
• . In the case of set (b), θ P = −15
• , the result for the η decay is at the upper margin, and for the η about 10% above the upper boundary.
For the radiative widths of the σ, see Table V , there is a large spread in the experimental data from different facilities. Our results for σ → γγ only account for about 20% of the value (1.2 ± 0.4) KeV [79] obtained from the nucleon electromagnetic polarizabilities, which is one of the lowest estimates for this width. For the f 0 (980) → γγ the PDG average is quoted as (0.29
−0.06 ) KeV. Sets (a-c) yield approximately 20% and set (e) 30% of this value. These results meet the current expectations that a direct coupling to the photons via a quark loop are not sufficient to account for the observed radiative widths of these mesons.
A natural question arises then why in our approach the strong widths can be described reasonably well in all channels and the radiative ones fall short of the empirical values for the σ, f 0 decays. This can be understood: only the strong decays probe directly the multi-quark couplings g i contained in the stationary phase (SPA) piece (28) of the total interaction Lagrangian (49) . Since this part of the Lagrangian has no derivative terms only the heat kernel (HK) Lagrangian involves the electromagnetic interaction, after minimal coupling. The information of the SPA conditions which leaks through the gap equations to the electromagnetic sector is rather weak; it is contained only in the wave function normalization which is the same for all mesons, and the quark constituent masses and scale Λ which remain approximately constant in all parameter sets. Thus, effectively, the two photon decays of the scalars yield a clean signature whether the electromagnetic decay of the mesons proceeds dominantly through achannel or not.
This in turn ties up with the strength distribution in the HK and SPA contributions to the coupling g SP P shown in Tables VII and VIII for set (d). The HK piece relates directly to the meson-qq channel, the SPA part to the higher order multiquark interactions.
Consider first the a 0 meson: the calculated a 0 (980) → γγ ∼ 0.39 KeV overestimates the present average PDG value 0.21 +0.08 −0.04 and points within our approach to the dominance of the direct one quark loop coupling to photons of this meson. This is corroborated by the fact that the large bare width that we obtain for the a 0 → πη decay is shown to stem mainly from the HK coefficient represented with 80% of the total strength, see Table VII . The a 0 meson in thepicture is composed only of u and d quarks, thus its coupling to the KK mesons requires a flavor change at the kaon vertices, as opposed to the ηπ case. As can be seen from a similar decomposition in HK and SPA contributions of the a 0 KK coupling in Table VIII , it is much more favorable to couple to the kaons through the multiquark vertices, which now represent 80% of the total strength instead. Therefore for the overall strong decay width it is important to take this mode into account through the two-channel Flatté distribution. From the point of view of the two photon decay of a 0 , we note that a πη loop does not couple directly to two photons [86] and the decay proceeds through the quark loop of u or d quarks with the large strength of the corresponding HK component. To access the dominant SPA component the two photon decay would have to proceed through coupling to the KK loop, a sub-leading process in N c counting as compared to the directloop. Furthermore, due to the relatively large mass of the kaons, this loop is not expected to contribute significantly. Now let us analyze the σ, f 0 channels: there are substantial contributions or cancellations from the SPA part. For the f 0 ππ and f 0 KK cases, one sees that the strength in the SPA coefficient is in magnitude about 2 3 of the HK coefficient for both cases, but changes relative sign in the latter. In the σππ and σKK cases, the cancellations occur in both cases, with the SPA piece contributing about half of the HK part. There is a subtle interplay about the HK and SPA coefficients which finally add up to the correct description of the mass spectra and strong decays of these mesons. The lack of a pronounced dominance of the HK has as consequence that thecoupling of these mesons to the photons represents only a fraction of the total width. The remaining strength must derive from the multiquark channels which should be included in an extra step, taking into account explicitly meson loop contributions.
Regarding the strong decay of the f 0 , one can further infer that because of the stronger participation of the multi-quark interactions and because of cancellations in the kaon channel as opposed to the pion channel, a coupling to the kaon channel through the Flatté approach is not imperative to obtain a reasonable magnitude of the width, as seen from the Table IV. Rescattering effects have been shown in several approaches to yield the main contribution, e.g. for the σ → γγ extracted from the dispersion analysis of γγ → π 0 π 0 [80] . Claims for a tetraquark structure [29] of the σ meson were forwarded e.g. in [81] , and in [82] interpreted as pion and kaon loop contributions. Our approach sheds light on these phenomena from a different angle. Finally we mention that the radiative decays of the scalar mesons have been calculated a long time ago in a variant of the NJL model, with and without meson loop contributions, [83] . The amplitudes differ from ours in two key aspects: we use the unified description for all non-anomalous decays based on the generalized heat kernel approach which leads (i) to a common wave function normalization for all mesons that implies the reduction factor of ∼ 2 3 in the amplitude and in the case of the radiative decays to (ii) the regularized one loop integrals carrying the factors (
2 , in despite of the integrals being finite. The latter reduces the amplitude by approximately half. The combined effect is a dramatic reduction by a factor ∼ 10 in the decay widths, as compared to [83] for the quark loop contribution. Thus caution must be used when it comes to interpret and comparing our numerical results with seemingly related model calculations, e.g. [84] , [85] .
Summarizing the results of sections IV B. and C., the strong decays calculated from our tree level meson couplings encode leading and higher order N c and multiquark effects in combinations that account for the main bulk of the empirical widths. The two photon decays of the scalars at leading order of the bosonized Lagrangian yield complementary information, testing whether the direct one quark loop coupling to photons is the dominant decay process. We obtained that the a 0 meson decay into two photons proceeds mainly through theloop, whereas for the σ, f 0 mesons we conclude that higher order multi-quark interactions are necessary to account for the observed widths. This does not mean that the a 0 meson is mainly astate, but that the multi-quark component with the large strength in the two kaon channel, important for the reduction of the a 0 πη strong decay width, is not the leading process in the two photon decay of this meson. 
V. CONCLUDING REMARKS
In this paper we have generalized the effective multiquark Lagrangians of the NJL type by including higher order terms in the current quark-mass expansion. The procedure is based on the very general assumption that the scale of spontaneous chiral symmetry breaking determines the hierarchy of local multi-quark interactions. As a consequence, one can distinguish a finite subset of vertices which are responsible for the explicit chiral symmetry breaking at each order considered. We have classified these vertices at next to leading order and studied the phenomenological consequences of their inclusion in the Lagrangian.
We are led to a subset of ten quark-mass dependent interactions which enter the Lagrangian at the same order as the 't Hooft determinant and eight quark terms previously analyzed in the literature. From these, three are related with the Manohar-Kaplan ambiguity, and the remaining seven with genuinely new vertices. These new terms carry either signatures of violation of the Zweig-rule or of admixtures of q 2q2 states to the quarkantiquark ones and are thus potentially interesting candidates in the quest of analyzing the structure and interaction dynamics of the low lying mesons.
We have derived the bosonized Lagrangian up to cubic order in the meson fields, from which we obtain the meson spectra and their two body strong, weak and electromagmetic decays. Here are our main conclusions:
(1) We fit the low lying pseudoscalar spectrum (the pseudo Goldstone 0 −+ nonet) and weak decay constants of the pion and the kaon to perfect accuracy. The fitting of the η−η mass splitting together with the overall successful description of the whole set of low-energy pseudoscalar characteristics is actually a solution for a long standing problem of NJL-type models. We have found that the quark mass dependent interaction terms mainly responsible for the fit belong to the class of OZI-violating interactions. They represent additional corrections to the 't Hooft U A (1) breaking mechanism. In the interaction terms independent of the quark masses, we observe however that the g 2 coupling of the non OZI-violating 8q interactions carrying the signature of the q 2q2 states are also relevant in fitting the f π , f K values as well as for the ordering m K < m η .
(2) We are also capable to describe the spectrum of the light scalar nonet. In this case we identify the quarkmass interaction terms related with the four quark admixtures to be the main source of the fit associated with the a 0 (980) and κ(800) meson masses. The primary term responsible for the correct ordering carries interaction strength g 3 , and some fine tuning is due to the g 6 term.
(3) Regarding the mixing angle of the singlet-octet scalar states θ S we have found that its value is particularly sensitive to the interaction term proportional to g 4 , which is OZI-violating. Together with the result that the strength g 1 of the eight quark OZI-violating and quark mass independent interaction term studied in earlier papers dictates the mass of the σ(500) meson, we conclude that these states are strongly affected by OZI-violating short range forces.
(4) The calculation of the strong decays of the scalar mesons has revealed that the present Lagrangian is capable of accounting for the decay widths within the actual margins of empirical data. We corroborate other model calculations in which the coupling of the f 0 (980) and a 0 (980) mesons to the KK channel is needed for the description of the decays f 0 (980) → ππ and a 0 (980) → πη. We find that this coupling is most crucial for the latter process.
(5) The radiative decays of the scalar mesons into two photons show that the main channel for the a 0 (980) decay proceeds through coupling to a quark-antiquark state, while the radiative decays of singlet-octet states σ, f 0 must proceed through more complex strutures. We refer to the full discussion given in sections IV B and IV C.
(6) Finally, the radiative decays of the pseudoscalars are in very good agreement with data.
